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SUMMARY

In this paper we propose an approach to improve the efficiency
of the regularized Gauss-Newton inversion algorithm by using
an adaptive cross approximation (ACA) technique. We apply
the ACA technique to decompose the Jacobian matrix into two
smaller rectangular matrices. In this way we improve the effi-
ciency of the Gauss-Newton method on both memory require-
ments and CPU time. The improvement increases when we
deal with large data sets with a large number of transmitters,
receivers and frequencies. To demonstrate the improvements
introduced by this method we present results of both synthetic
and field data inversions for controlled source electromagnetic
surveys.

INTRODUCTION

The marine controlled-source electromagnetic (CSEM) tech-
nology has the potential of providing useful information in ap-
plications such as off-shore oil exploration. With a horizon-
tal electric dipole as a transmitter towed by a ship and multi-
component electromagnetic receivers placed on the seafloor,
this method has been applied in several field surveys. The high
contrast in resistivity between saline-filled rocks and hydro-
carbons, makes this method well-suited for detecting resistive
hydrocarbon reservoirs (see Constable et al. (1986); MacGre-
gor and Sinha (2000); Ellingsrud et al. (2002)). The approach
initially employed is based on comparing the electric field am-
plitude as a function of the transmitter-receiver offset with a
similar measurement for a non-hydrocarbon bearing reservoir,
see Srnka (1986); Chave et al. (1991); Sinha (1999). The pres-
ence of hydrocarbon raises the amplitude of the measured elec-
tric field indicating the existence and, to some degree, deter-
mining the horizontal location of the hydrocarbon zone. How-
ever, with this approach it is difficult to know the reservoir’s
depth and shape.

A more rigorous approach to address this type of application is
the full nonlinear inversion approach, for example see Abubakar
et al. (2006), Gribenko and Zhdanov (2007), Plessix and van der
Sman (2007) and Abubakar et al. (2008b). In such an approach
the investigation domain is subdivided into pixels and by us-
ing an optimization process, the location, the shape and the
conductivity of the reservoir are reconstructed. Most of these
methods use iterative schemes, in which the conductivity dis-
tribution is updated based on a search direction computed from
a gradient of a cost function. Therefore, in these derivative-
based approaches the Jacobian matrix plays a key role. This
matrix contains information about the derivative of the simu-
lated data with respect to the conductivities of the unknown
pixels. Its size is equal to the number of measurement data
times the number of unknown pixels. In the CSEM data inver-
sion, the size of the data set and the inversion region can be

very large. Hence, the storage of the Jacobian matrix requires
a huge amount of memory. This is one of the bottlenecks of
using the nonlinear inversion approaches. Moreover, because
the Jacobian matrix is a dense matrix, the arithmetic operations
of a matrix-vector multiplication can be very expensive as the
size of the Jacobian matrix increases.

Currently, in order to be able to process the data, we usu-
ally invert only a subset of the data. However, the choice of
this subset is often based on the experience of the data inter-
preters. Thus, different interpreters can use different subsets
and hence, they obtain different inversion results. Further-
more important data points can easily be missed. An alter-
native way is to compress the Jacobian matrix. This is based
on the fact that the electromagnetic field has a limited spatial
bandwidth (see Bucci and Franceschetti (1987)). In real ap-
plications, we can use physical-based techniques such as the
fast multiple method (Chao et al. (2003)) and the fast fourier
transform method (Bleszynski et al. (1996)). These methods
can efficiently represent the field with minimum memory cost,
but highly rely on the kernel of the integral involved in the ma-
trix construction. Other methods compress the matrix through
direct numerical calculations, such as a singular value decom-
position (SVD) (Canning and Rogovin (2003)) or QR decom-
position (Gope and Jandhyala (2004)). These methods usually
compress a matrix through truncating its spectrum and remov-
ing smaller singular values. They are very general, but their
computational cost to compute the matrix spectrum are usu-
ally high. Furthermore since in our case the Jacobian matrix
is a full matrix, the use of these approaches may become pro-
hibitive.

The adaptive cross approximation (ACA) technique introduced
by Bebendorf (2000) provides an efficient and flexible way to
compress a dense matrix. It has been applied to sample elec-
tromagnetic fields (Hislop et al. (2007)) and to solve integral
equations (Zhao et al. (2005)). In this paper, we use the ACA
technique to compress the Jacobian matrix in our regularized
Gauss-Newton inversion algorithm. The details of our inver-
sion algorithm can be found in Abubakar et al. (2008a) for the
two-and-half dimensional (2.5D) geometry and in Abubakar
et al. (2008b) for the three-dimensional (3D) geometry. The
ACA technique is applied to convert the Jacobian matrix into
two smaller rectangular matrices. This approach reduces both
memory consumptions and CPU time of the Gauss-Newton in-
version approach. To demonstrate the Gauss-Newton inversion
using the compressed Jacobian matrix we employ inversion ex-
amples in 2.5D geometries.

This proceeding paper is organized as follows: We will first
briefly describe the inversion algorithm. After that we dis-
cuss the application of the ACA algorithm on the matrix-vector
multiplication in the Hessian matrix inversion process. Finally
we discuss the performance of this scheme using both syn-
thetic and field data examples.
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FORMULATIONS

Inversion algorithm
The regularized Gauss-Newton inversion scheme is based on
the work in Abubakar et al. (2008a). We will follow the same
notation as in this paper. By using the multiplicative regular-
ization technique, the cost function at the n-th iteration can be
expressed as follows:

Φn(m) = φ
d(m)×φ

m
n (m) , (1)

where φ d is the data misfit cost function measuring the dif-
ference between the measurement data and the data generated
from the reconstructed model. It is given by

φ
d(m) =

1
2K

K∑
k=1

∑Ik
i=1

∑Ji,k
j=1|Wd;i, j,k[di, j,k − si, j,k(m)]|2∑Ik
i=1

∑Ji,k
j=1 |Wd;i, j,kdi, j,k|2

=
1
2
|Wd · [d− s(m)]|2

|Wd ·d|2
, (2)

where K is the number of frequencies, Ik is the number of
transmitters at frequency k, and Ji,k is the number of receivers
for the transmitter i and at frequency k. The diagonal matrix
Wd;i, j,k is a data weighting matrix. φ m

n (m) is the regulariza-
tion cost function at the n-th iteration. More details on the data
weighting matrix and the regularization cost function can be
found in Abubakar et al. (2008a).

We use a Gauss-Newton minimization approach to solve Eq. 1
for conductivity values of every pixel represented by a vector
of the model parameter m. In each iteration n, a linearized
equation is solved to obtain the step vector pn:

Hn ·pn =−gn, (3)

where Hn is the Hessian matrix and it is approximated as fol-
lows:

Hn ≈ JT
n ·WT

d ·Wd ·Jn +φ
d(mn)L(mn) . (4)

In Eq. 4, Jn is the Jacobian matrix and L is the second deriva-
tive of φ m

n with respect to the model parameter m. The gradient
vector gn is given by

gn =−JT
n ·WT

d ·Wd · [d− s(mn)]+φ
d
n (mn) L(mn) ·mn. (5)

The unknown model parameter m is updated using pn in every
iteration. The iterative inversion process stops after some error
criteria are satisfied. The Jacobian matrix is computed using
an adjoint approach (Abubakar et al. (2008a)):

∂Ei, j,k

∂σq
(rr,rs) =

∫
Ωq

dr′Es
i,k(r

′,rs) ·Er
j,k(r

′,rs), (6)

where Ei, j,k is the simulated field at j-th receiver, i-th transmit-
ter and k-th frequency, Ωq is the area of the q-th pixel whose
conductivity is σq; Es

i,k and Er
j,k are the electric fields radiated

by the ith transmitter and jth receiver respectively, both at fre-
quency k.

In Eq. 3, the Hessian matrix is a dense square matrix. Its
dimension is equal to the number of pixels Np that can eas-
ily exceed thousands in 2D geometries and millions in 3D
geometries. Direct solvers based on a LU decomposition or

a Gauss elimination are not practical to solve Eq. 3. There-
fore, this linearized equation is usually solved using an itera-
tive solver. Since the Hessian matrix is non-negative definite,
we employ a conjugate gradient least-square (CGLS) iterative
scheme (see Golub and Van Loan (1996)). The computational
complexity of this CGLS solver is O(MN2

p) where M is the
number of CGLS iterations. Since the number of measure-
ment data Nm is usually much less than the number of unknown
parameters Np, in the CGLS scheme we do not explicitly con-
struct the Hessian matrix. Instead we store the Jacobian matrix
J and construct routines to compute J ·v and JT ·v. The mem-
ory usage to store the Jacobian matrix is O(NmNp) and the
computational complexity of the CGLS solver using the Jaco-
bian matrix-vector multiplication is O(M(2NmNp)). The oper-
ations in the CGLS routine using the Jacobian matrix is much
smaller than the one using the Hessian matrix when Nm � Np.

Though it is usually more efficient to use J instead of H, the
size of J can still become large as the number of measurement
data points and/or the number of unknowns increases. For ex-
ample in a CSEM survey, there are 100 receivers and 1000
transmitters, and each receiver records all six components of
the electromagnetic fields at 5 frequencies. The total number
of measurement data is 3 million. Assume the domain is grid-
ded into 1000× 100 cells. For double precision computation
(8 bytes per real number), the memory usage for J will be 9
TB. This is still beyond the capability of most current comput-
ers. Next, we will apply the ACA to reduce the memory usage
and the cost of the matrix-vector multiplication in the CGLS
iterative process.

Adaptive cross approximation
The adaptive cross approximation was first introduced by Beben-
dorf (2000) (also see Bebendorf and Rjasanow (2003)). It can
be used to convert a dense Jacobian matrix J into the product
of two rectangular matrices, i.e., J = UT ·V. The detailed de-
scription of this algorithm can be found in Bebendorf (2000).

Let us assume J ∈ Rm×n, U ∈ Rr×m and V ∈ Rr×n, where r
is the number of rows of U and V after compression, r ≤
min(m,n). We can write U =

[
uT

1 ,uT
2 , . . . ,uT

r
]T , uk ∈ R1,m;

V =
[
vT

1 ,vT
2 , . . . ,vT

r
]T , vk ∈ R1,n. Then, the matrices U and V

can be constructed as follows:

k = 0, U = /0, V = /0, F = 0
while (k < min(m,n) and ‖uk‖2‖vk‖2 ≤ ε2 ·F)

k = k +1
If (k = 1) ik = 1
else ik = maxlocp(|uk−1,p|), p ∈ (1,m) and p /∈ i
end
vk = jik ,:−

∑k−1
p=1 up,ik vp

jk = maxlocp(|vk,p|), p ∈ (1,n) and p /∈ j
vk = vk/vk, jk
uk = jT

:, jk −
∑k−1

p=1 vp, jk up

F = F +2
∑k−1

p=1(u
T
p ·uk)(vT

p ·vk)+‖uk‖2‖vk‖2

end

where ε is the error threshold that determines convergence. In
the above algorithm, the vector i stores the indices of selected
rows, and the vector j stores the indices of selected columns;

705SEG Houston 2009 International Exposition and Annual Meeting



Regularized Gauss-Newton inversion using compressed Jacobian matrix

”maxloc” is a function to search for the index of the largest
element of a vector.

In the inversion algorithm, we apply ACA compression to the
weighted Jacobian matrix at every frequency, i.e.,

Wd ·J =


Wd;1 ·J1
Wd;2 ·J2

. . .
Wd;K ·JK

 =


UT

1 V1
UT

2 V2
. . .

UT
KVK

 .

=


UT

1
UT

2
. . .

UT
K

 ·


V1
V2
. . .
VK


= UT ·V. (7)

Therefore, we can re-write Eqs. 4 and 5 as follows:

Hn = VT ·U ·UT ·V+φ
d(mn) L(mn), (8)

gn = −VT ·U ·Wd · [d− s(mn)]+φ
d
n (mn)L(mn) ·mn.(9)

The computational complexity of the Jacobian matrix vector
multiplication in Eqs. 8 and 9 is O(Nc(Nm + Np)), which can
be smaller than the one in Eqs. 4 and 5 if

Nc < NmNp/(Nm +Np). (10)

Compared with other compression methods, ACA has several
advantages. It relies on pure algebraic operations and does not
depend on the kernel of the marix. Moreover, in its construc-
tion it does not require the full uncompressed matrix. There-
fore it is not necessary to store the full uncompressed ma-
trix (the Jacobian matrix) in memory. The presumption of the
ACA method is that the kernel of the matrix is asymptotically
smooth. The Jacobian matrix for CSEM applications satis-
fies this criterion since the survey environment is very conduc-
tive and the frequencies of operation are very low. As given
by Eq. 6, the Jacobian is the product of the electric fields radi-
ated by the transmitters and receivers. Since the electric fields
are smooth, then this product is also smooth.

NUMERICAL EXAMPLES

Inversion of a single reservoir
In this example, we consider a single reservoir located 2 km
below the sea surface as shown in Figure 1(a). (We plot the
resistivity 1/σ here in log scale, same for the following plots.)
The reservoir is 8 km wide and 0.1 km thick. Its conductivity
is 0.05 S/m. The conductivity of sea water is 3 S/m and the
conductivity of the sea bed is 1 S/m. There are 41 transmit-
ters uniformly located from −10 to 10 km in this survey, at
a depth of 0.95 km. Twenty one receivers are positioned on
the seabed separated by a distance of 1 km from one another.
We inverted only inline electric fields at 0.25 Hz. Two percent
of random white noise was added to the synthetic data. We
use the 2.5D inversion algorithm to test the ACA performance.
The inversion domain is from -10 to 10 km along horizontal di-
rection and 1 to 3 km in the vertical direction. It is gridded into
100×35 pixels. The initial model is shown in Figure 1(b). The

(a) True Model

(b) Initial Model

(c) Inverted Model

(d) Inverted Model Using the ACA scheme

Figure 1: Inversion of single reservoir model.

weighted-L2 norm is used in the inversion. Figure 1(c) shows
the reconstructed model without using the ACA. In the inver-
sion, the error criterion of the CGLS iterative solver is set to
10−3, and the J matrix has a dimension of 1600× 3500. Its
memory usage is 42.7 MB. Next, we use ACA to compress the
Jacobian matrix. If we set the error criterion for the ACA to be
10−4, only 624 rows and columns in J are used during the com-
pression process, and the memory usage of U and V together
is reduced to 24.3 MB. The memory reduction factor is 43.2
percent. The CPU time of each CGLS iteration is also reduced
from 0.1886 seconds per iteration to 0.0484 seconds. The in-
verted model using the ACA scheme is shown in Figure 1(d).
We note that these two inversion results are very similar.

Figure 2 shows the plots of singular values of J and UT ·V.
The red solid-line indicates the singular values of J and the
blue dash-line represents the singular values of UT ·V. It is
observed that the compressed matrix preserves only the larger
singular values in J. This is consistent with the good agree-
ment in the inversion results obtained with and without the
ACA.

Figures 3 and 4 show another test result in which we compute
the compressed matrix U and V for different numbers of trans-
mitters. All other parameters are fixed. The error criterion
for ACA is still 10−4. We observe that the memory reduction
ratio increases with increasing number of transmitters. This is
consistent with the fact that the measured electromagnetic field
has limited spatial bandwidth. Therefore the memory of U and
V increases at a much slower rate than J, and the number of
rows for U and V does not change much. Figure 4 shows the
comparison of CPU time per CGLS iteration. We also observe
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Figure 2: Comparison of singular values of the Jacobian matrix
J and the compressed matrix UT ·V.

Figure 3: Comparison of memory usage of the Jacobian matrix
J and the compressed matrix UT ·V with increasing number of
transmitters.

the improvement in efficiency by using ACA.

Inversion of Troll field data
As the next test we use the data set acquired in the Troll field
in Norway (see Johansen et al. (2005)). In this survey, twenty-
three receivers were located along a 13-km line on the seabed
with depth about 300 m from the sea surface, and 47 transmit-
ters were deployed at depths of about 20 m above the sea bot-
tom. The data are inline electric fields. Two frequencies (0.25
Hz and 0.75 Hz) are used in the inversion and the total num-
ber of data points is 1516. Weighted L2-norm regularization is
used in this inversion. The inversion result without using the
ACA scheme is shown in Figure 5(b). The size of the Jaco-
bian matrix J is 3032×15872 and its memory usage is 367.15
MB. We apply the ACA scheme to J with an error criterion of
10−3. Only 666 columns and rows in J are used. The mem-

Figure 4: Comparison of CPU time per CGLS iteration using
the Jacobian matrix J and the compressed matrix UT ·V with
increasing number of transmitters.

ory usage after ACA compression is 162.9 MB, which repre-
sents about 55 percent reduction compared to J. The CPU time
of one CGLS iteration reduces from 5.922 seconds to 0.8042
seconds after using ACA. The inverted model using ACA is
shown in Figure 5(c). We observe that the ACA method can
preserve the good inversion image while improving the effi-
ciency and reducing the memory usage of the inversion algo-
rithm.

(a) Initial Model

(b) Inverted Model

(c) Inverted Model Using the ACA scheme

Figure 5: Inversion of the Troll field data.

CONCLUSION

In this paper we improved the efficiency of the regularized
Gauss-Newton inversion by using an adaptive cross approxi-
mation (ACA) scheme. With the application of the ACA scheme
to decompose the Jacobian matrix into smaller matrices, we
can reduce both the memory usage and CPU time of the in-
version algorithm. Moreover the memory reduction ratio in-
creases with the increasing size of the data set. This com-
pressed regularized Gauss-Newton inversion approach shows
a great potential for handling large data sets using a manage-
able memory consumption.
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